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Abstract
Let F be a perfect field. In this paper, we show that a diagonal
quadratic form
∑m
i=1 aiX
2
i over F is universal over M2(F ) if and only
if atleast two of a1, a2, . . . , am are non-zero.
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1 Introduction
Let R denote a commutative ring with unity. Let Mn(R) denote the set of all
n× n matrices over R. An n−ary quadratic form over R is a homogeneous
polynomial q of degree 2 in n variables. Thus q is of the form:
q(X1, X2, . . . , Xn) =
∑n
i,j=1 aijXiXj , where aij ∈ R.
The study of representation of all positive integers by a quadratic form is
a classical one. In 1770, Lagrange was the first mathematician to show that
any positive integer can be represented by the quadratic form
X2
1
+X2
2
+X2
3
+X2
4
. (0.1)
In 1916, S. Ramanujan enlisted 54 (see [1]) diagonal forms which represent all
positive integers. If q(X1, X2, . . . , Xn) =
∑n
i,j=1 aijXiXj ∈ Z[X1, X2, . . . , Xn]
1
is a quadratic form then we can associate a symmetric matrix Mq of order n,
defined as Mq = (mij) where mij =
1
2
(aij + aji).
Definition 1. (I) A quadratic form q over Z is said to have integer matrix
Mq if all entries of Mq are integers.
(II) A quadratic form is said to be positive definite if q(x1, x2, . . . , xn) > 0,
xi ∈ Z and atleast one xi 6= 0 for some i, 1 ≤ i ≤ n.
Definition 2. A diagonal quadratic form
∑m
i=1 aiX
2
i , where ai ∈ F is said
to be universal over F if it represents every element of F.
In 2000, Manjul Bhargava (see [1]) proved an interesting criterion called
the fifteen theorem, to decide when a positive definite quadratic form with
integer matrix represents all positive integers. We recall this theorem below:
Theorem 3. If a positive definite quadratic form having an associated inte-
ger matrix represents every positive integer up to fifteen, then it represents
every positive integer.
In 1986, Vaserstein (see [7]) proved that for n ≥ 2, every n × n integral
matrix is a sum of three squares i.e., the quadratic form X2
1
+ X2
2
+ X2
3
is
universal over Mn(Z). In 2017, Jungin Lee (see [5]) gave a criterion to check
when a diagonal quadratic form
∑n
i=1 aiX
2
i , ai ∈ Z represents all matrices in
M2(Z) i.e. a criterion to check when
∑n
i=1 aiX
2
i is universal over M2(Z). We
recall below his theorem:
Theorem 4. A quadratic form
∑m
i=1 aiX
2
i , ai ∈ Z is universal over M2(Z) if
and only if there is no prime which divides m− 1 numbers of a1, a2, . . . , am
and there exist three numbers of a1, a2, . . . , am which are not multiples of 4.
We now consider quadratic forms over a field with characteristic not equal
to 2. Then to every quadratic form q we can still associate a symmetric matrix
Mq. One has the following result for the universality of the quadratic form q
(see [4]):
Theorem 5. Let F be a field of characteristic not equal to 2. If for a
quadratic form q over F, q(x1, x2, . . . , xn) = 0 for some x1, x2, . . . , xn ∈ F
with atleast one xi 6= 0 and the determinant of the associated matrix Mq is
non-zero then q is universal over F.
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In the light of the paper by Jungin Lee, S. A. Katre posed the following
question: given a diagonal quadratic form a1X
2
1
+ a2X
2
2
+ · · ·+ amX
2
m with
ai ∈ F, when is it universal over Mn(F ), n ≥ 2? In this paper, we answer
the above question for n = 2 by proving the following result:
Theorem: A diagonal quadratic form
∑m
i=1
aiX
2
i over a perfect field F is
universal over M2(F ) if and only if atleast two of a1, a2, . . . , am are nonzero.
The advantage of the above result is that one does not have to go to
the matrix associated with the quadratic form. From the coefficients of the
quadratic form itself, we can easily check the universality.
2 Proof of the main result
We prove our main result by proving the following sequence of theorems.
Theorem 6. A quadratic form aX2 where a ∈ F is not universal overM2(F ).
Proof. If a = 0 then clearly it is not universal over M2(F ). So we suppose
that a 6= 0. Consider a
[
x y
z w
]2
=
[
0 1
0 0
]
. Then we get the following
system of equations
a(x2 + yz) = 0 (6.1)
ay(x+ w) = 1 (6.2)
az(x + w) = 0 (6.3)
a(yz + w2) = 0. (6.4)
From Equation (6.2) and (6.3), we get z = 0. Then from Equation (6.1) and
(6.4), we get x = 0 and w = 0, a contradiction to Equation (6.2).
Theorem 7. A quadratic form a1X
2
1
+ a2X
2
2
where a1, a2 ∈ F , char F 6= 2
and both a1, a2 6= 0, is universal over M2(F ).
Proof. Consider a1
[
x1 y1
z1 w1
]2
+ a2
[
x2 y2
z2 w2
]2
=
[
p q
r s
]
which gives us the following system of equations
a1x
2
1
+ a2x
2
2
+ a1y1z1 + a2y2z2 = p (7.1)
a1y1(x1 + w1) + a2y2(x2 + w2) = q (7.2)
a1z1(x1 + w1) + a2z2(x2 + w2) = r (7.3)
a1w
2
1
+ a2w
2
2
+ a1y1z1 + a2y2z2 = s. (7.4)
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From Equation (7.1) and (7.4), we get
a1y1z1 + a2y2z2 = p− (a1x
2
1
+ a2x
2
2
) = s− (a1w
2
1
+ a2w
2
2
). (7.5)
We will find a solution to the equation
p− (a1x
2
1
+ a2x
2
2
) = s− (a1w
2
1
+ a2w
2
2
) (7.6)
such that x1 + w1 6= 0. If we do so, as a1 6= 0 and a2 6= 0, from Equations
(7.2) and (7.3), we get the values of y1 and z1 as
y1 =
q − a2y2(x2 + w2)
a1(x1 + w1)
(7.7)
z1 =
r − a2z2(x2 + w2)
a1(x1 + w1)
. (7.8)
Now consider Equation (7.6) in the form a1x
2
1
+ a2x
2
2
− a1w
2
1
− a2w
2
2
= p− s
and choose x2 = w2 = 0. Thus, our equation now reads a1x
2
1
− a1w
2
1
= p− s.
Case(I): If p− s = 0, as a1 6= 0 take x1 = w1. Since char F 6= 2 by selecting
any nonzero value for x1 we have x1 + w1 6= 0.
Case(II): If p− s 6= 0, we get x2
1
− w2
1
=
p− s
a1
i.e. (x1 − w1)(x1 + w1) =
p− s
a1
. We shall choose x1,w1 such that x1 − w1 =
p− s
a1
and x1 + w1 = 1.
To see this, adding the two equations we get 2x1 =
p− s+ a1
a1
i.e. x1 =
p− s + a1
2a1
and w1 = 1− x1 =
a1 − (p− s)
2a1
.
From each of the cases above, we have x1+w1 6= 0. Now from Equation (7.7)
and (7.8), since we have chosen x2 = w2 = 0, we have the following values of
y1 and z1 :
y1 =
q
a1(x1 + w1)
(7.9)
z1 =
r
a1(x1 + w1)
. (7.10)
Now from Equation (7.5), we get
a2y2z2 = −a1y1z1 + s− a1w
2
1
(7.11)
4
i.e. y2z2 =
1
a2
(−a1y1z1 + s− a1w
2
1
). (7.12)
Then by fixing any non-zero value of z2 we get the value of y2. Hence, we
get a solution to the system of equations.
Definition 8. A field F is said to be perfect if it either has characteristic
0 or when characteristic p > 0 then every element of F is a pth power i.e.
F p = F where F p = {xp : x ∈ F}.
Lemma 9. Let F be a perfect field of characteristic 2. Then the map f :
F → F defined by f(x) = x2 is an isomorphism.
Proof. We have f(x+ y) = (x+ y)2 = x2+2xy+ y2 = x2+ y2 = f(x)+ f(y)
and f(xy) = x2y2 = f(x)f(y). As f is a non-zero homomorphism it implies
that f is injective (see [2]). Also F is a perfect field of char F = 2 which
implies F = F 2 and hence f is onto. Therefore, f is an isomorphism.
Theorem 10. A quadratic form a1X
2
1
+a2X
2
2
where a1, a2 ∈ F , F is a perfect
field of char F = 2 and both a1, a2 6= 0 is universal over M2(F ).
Proof. Consider the following system of equations
a1x
2
1
+ a2x
2
2
+ a1y1z1 + a2y2z2 = p (10.1)
a1y1(x1 + w1) + a2y2(x2 + w2) = q (10.2)
a1z1(x1 + w1) + a2z2(x2 + w2) = r (10.3)
a1w
2
1
+ a2w
2
2
+ a1y1z1 + a2y2z2 = s. (10.4)
From Equations (10.1) and (10.4), we will find solution to the equation
a1x
2
1
+ a2x
2
2
− a1w
2
1
− a2w
2
2
= p− s. (10.5)
Since char F = 2, we may consider the following equation
a1x
2
1
+ a2x
2
2
+ a1w
2
1
+ a2w
2
2
= p + s. (10.6)
Case (I): If p + s = 0 then take x2 = w1 = 0, w2 = 1 and then from Lemma
9 as a1 6= 0 and a2 6= 0, a1x
2
1
= a2 has a non-zero solution.
Case (II): If p + s 6= 0 then take x2 = w1 = w2 = 0 then from Lemma 9,
a1x
2
1
= p+ s has a non-zero solution in F as a1 6= 0 and p+ s 6= 0.
From each of the above cases, we have x1+w1 6= 0 and further following the
proof of Theorem 7, we have a solution to the required system of equations.
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Theorem 11. A diagonal quadratic form
∑m
i=1 aiX
2
i over a perfect field F
is universal over M2(F ) if and only if atleast two elements of a1, a2, . . . , am
are nonzero.
Proof. Without loss of generality let a1, a2 6= 0 and Xi = 0 for 3 ≤ i ≤ m.
Then from Theorem 7 and 10,
∑m
i=1 aiX
2
i is universal. Conversely, suppose∑m
i=1 aiX
2
i is universal then from Theorem 6, we have the result.
Remark 12. We demonstrate the importance of a perfect field (see [6]) by
showing that the theorem may fail, if this condition does not hold. Consider
the field F = Z2(X). This field is not perfect since X is not a square in
Z2(X); for suppose X =
(a0 + a1X + a2X
2 + · · ·+Xk)2
(b0 + b1X + b2X2 + · · ·+X t)2
which implies that
X(b0 + b1X + b2X
2 + · · · + X t)2 = (a0 + a1X + a2X
2 + · · · + Xk)2. By
comparing degrees, we get 2t + 1 = 2k, a contradiction. We now prove that
the quadratic form X2
1
+ X2
2
is not universal over M2(Z2(X)). To see this,
consider [
x1 y1
z1 w1
]2
+
[
x2 y2
z2 w2
]2
=
[
p q
r s
]
which gives us the following system of equations:
x2
1
+ x2
2
+ y1z1 + y2z2 = p (12.1)
y1(x1 + w1) + y2(x2 + w2) = q (12.2)
z1(x1 + w1) + z2(x2 + w2) = r (12.3)
w2
1
+ w2
2
+ y1z1 + y2z2 = s. (12.4)
Existence of solution to the equation
x2
1
+ x2
2
+ w2
1
+ w2
2
= p+ s (12.5)
is necessary for the existence of a solution to the original system of equations.
Since Char F = 2, Equation (12.5) can be written as
(x1 + x2 + w1 + w2)
2 = p+ s. (12.6)
Since Z2(X) is not a perfect field the equation x
2 = a need not have a
solution for every a ∈ Z2(X). (For example, a = X works as shown above.)
This proves that X2
1
+X2
2
is not universal over M2(Z2(X)).
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3 Algorithm of the proof
For a given matrix A over Q and a1, a2 ∈ Q, following is the algorithm to
find entries of the matrices X1 and X2 such that a1X
2
1
+ a2X
2
2
= A and the
program can be implemented in Python language.
1. Import the packages numpy and fraction for declaring and displaying
the array values.
2. Declare a two dimensional array A
3. p=A[0][0]
4. q=A[0][1]
5. r=A[1][0]
6. s=A[1][1]
7. Initialize the values a1, a2.
8. Initialize x2=0, w2=0 and z2=1.
9. if p-s==0:
10. x1=w1=1
11. y1=q/(a1*(x1+w1))
12. z1=r/(a1*(x1+w1))
13. y2=(s-a1*y1*z1-a1*pow(w1,2))/(a2)
14. Display y1,y2 and z1
15. else:
16. x1=(p-s+a1)/(2*a1)
17. w1=(a1-p+s)/(2*a1)
18. y1=q/(a1*(x1+w1))
19. z1=r/(a1*(x1+w1))
20. y2=(s-a1*y1*z1-a1*pow(w1,2))/(a2)
21. Display x1, w1, y1, y2, z1
Example 13. Consider F = Q and a diagonal quadratic form q(X1, X2) =
2X2
1
+X2
2
. We have char F = 0. Let A =
[
1
5
2
0 −1
]
∈M2(Q). By following
the steps of Theorem 7, we will find a solution to equation
2
[
x1 y1
z1 w1
]2
+
[
x2 y2
z2 w2
]2
=
[
1
5
2
0 −1
]
. (13.1)
Let a1 = 2, a2 = 1, p =
1
5
, q = 2, r = 0, s = −1. Take x2 = w2 = 0 and
7
z2 = 1. We have p − s =
6
5
6= 0. We get x1 =
p− s+ a1
2a1
=
4
5
and w1 =
a1 − (p− s)
2a1
=
1
5
. Then we get y1 =
q
a1(x1 + w1)
= 1, z1 =
r
a1(x1 + w1)
= 0
and y2 =
1
a2
(−a1y1z1 + s− a1w
2
1
) =
−27
25
.
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